Many important equations of mathematical physics arise geometrically as geodesic equations on Lie groups. In this paper, we study an example of a geodesic equation, the two-component Hunter-Saxton (2HS) system, which displays a number of unique geometric features. We show that 2HS describes the geodesic flow on a manifold, which is isometric to a subset of a sphere. Since the geodesics on a sphere are simply the great circles, this immediately yields explicit formulae for the solutions of 2HS. We also show that when restricted to functions of zero mean, 2HS reduces to the geodesic equation on an infinite-dimensional manifold, which admits a Kähler structure. We demonstrate that this manifold is in fact isometric to a subset of complex projective space, and that the above constructions provide an example of an infinite-dimensional Hopf fibration. of its solutions; for example, directions of positive or negative curvature are expected to correspond to the existence of stable or unstable perturbations of the motion, respectively.
Introduction
Several well-known equations of mathematical physics arise geometrically as geodesic equations on Lie groups. The classical example is the motion of a rigid body rotating around its centre of gravity: the motion is described by the classical Euler equation, which is the geodesic equation on SO(n) endowed with a leftinvariant metric defined by the kinetic energy of the body. Another fundamental example is the Euler equation of ideal hydrodynamics: the particles of a fluid moving in a compact n-dimensional Riemannian manifold M trace out a geodesic curve in the Lie group of volume-preserving diffeomorphisms of M equipped with a right-invariant metric defined by the kinetic energy of the fluid [1, 2] . Several other physically relevant equations admit similar geometric formulations [3] [4] [5] .
Once it has been established that an equation admits a formulation of this type, it is tempting to use geometric intuition in order to better understand the behaviour After recalling some preliminaries in §2, we establish that the space associated with 2HS is isometric to part of a sphere in §3. In §4, we analyse solutions of the initial-value problem for 2HS. In §5, global properties of the geodesic flow are investigated. In §6, we consider the restriction of 2HS to solutions (u, ρ) where ρ has zero mean, and show that it describes geodesic flow on a Kähler manifold. In §7, we show that this Kähler manifold is isometric to a subset of complex projective space and that the above constructions provide an example of a Hopf fibration. Section 8 contains some concluding remarks.
Preliminaries
The HS and 2HS equations. Let S 1 denote the circle of length one. The periodic HS equation
arises in the study of nematic liquid crystals, with u(t, x) being a real-valued function of a space variable x and a slow time variable t [15] . Geometrically, HS is the equation for geodesic flow on the Lie group Diff 0 (S 1 ) of diffeomorphisms of the circle S 1 with a designated fixed point [16] , endowed with theḢ 1 right-invariant metric given at the identity by
The space Diff 0 (S 1 ) equipped with theḢ 1 -metric is isometric to a subset of the unit sphere in L 2 (S 1 ; R) [11] .
The 2HS system
where u(t, x) and ρ(t, x) are real-valued functions, is a natural generalization of (2.1). Just like the HS equation, 2HS is an integrable system with an associated Lax pair formulation and a bi-Hamiltonian structure, see [17, 18] . Geometrically, (2.2) is the equation for geodesic flow on the semidirect product Lie group G = Diff 0 (S 1 ) F (S 1 ; S 1 4π ), where S 1 4π denotes the circle of length 4π , F (S 1 ; S 1 4π ) denotes the space of (sufficiently smooth) maps α : S 1 → S 1 4π , and the group G is endowed with the right-invariant metric given at the identity by (u, ρ) , (v, τ ) 
Diffeomorphism groups. In order to set the stage for the rigorous study of (2.2) as a geodesic equation, we need to introduce some notation. Let s > 5 2 . Let Diff s (S 1 ) denote the Banach manifold of orientation-preserving diffeomorphisms of S 1 of Sobolev class H s . We let Diff s 0 (S 1 ) denote the subgroup of Diff s (S 1 ) consisting of diffeomorphisms ϕ that keep the point 0 ∈ S 1 [0, 1) fixed, i.e.
Let H s (S 1 ; R) and H s (S 1 ; C) denote the Hilbert spaces of real-valued and complex-valued functions on S 1 of Sobolev class H s , respectively. Using the identification 
where • denotes composition and the addition in the second component is pointwise addition of angles, i.e. the addition takes place in R/4π Z S 1 4π . H s−1 (S 1 ; S 1 4π ) is a Banach manifold modelled on the space H s−1 (S 1 ; R); it is the disjoint union of a countable number of components distinguished by the winding number of their elements. It follows that G s also is a Banach manifold. The neutral element of G s is (id, 0) and (ϕ, α) has the inverse (ϕ −1 , −α • ϕ −1 ). The metric ·, · on G s is defined at the identity by (2.3) and extended to all of G s by right invariance, i.e.
A sphere
We will prove that the weak Riemannian manifold (G s , ·, · ) is isometric to a subset of the unit sphere in L 2 (S 1 ; C). Let S ∞ denote the unit sphere in L 2 (S 1 ; C) and let S ∞,s denote the elements in S ∞ that are of Sobolev class H s , that is,
S ∞,s is a Banach manifold modelled on the closed subspace 1 ⊥ ⊂ H s (S 1 ; C) of functions orthogonal to the constant function 1 ∈ H s (S 1 ; C),
denote the stereographic projection from the 'south pole' −1 with inverse
Similarly, define the stereographic projection σ N from the 'north pole' 1 by
Together, the two charts defined by σ S and σ N cover S ∞,s and determine its manifold structure. 
We equip U s with the manifold structure inherited from S ∞,s and the weak Riemannian metric ·, · L 2 inherited from L 2 (S 1 ; C), i.e.
Theorem 3.1. The space (G s , ·, · ) is isometric to a subset of the unit sphere in L 2 (S 1 ; C). More precisely, for any s > 5 2 , the map Φ :
is a diffeomorphism and an isometry.
). Thus, the inverse of Φ is given explicitly by
This shows that Φ is bijective. Since both Φ and Φ −1 are smooth, Φ is a diffeomorphism. Using
we find that
whenever (U 1 , U 2 ) and (V 1 , V 2 ) belong to T (ϕ,α) G s . This shows that Φ is an isometry.
It follows immediately from theorem 3.1 that the sectional curvature of G s is constant and equal to 1. This result was already proved in a different way in [10] . Proof. In view of theorem 3.1, it is enough to prove that the unit sphere in L 2 (S 1 ; C) has constant sectional curvature equal to 1. As in the finite-dimensional case, this can be proved using the Gauss-Codazzi formula. Indeed, letting n denote the outward normal to the sphere, the second fundamental form Π is given by
where X, Y are vector fields on S ∞ . Consequently, if X and Y are orthonormal, the curvature tensor R on the unit sphere satisfies By pulling back the covariant derivative on the sphere S ∞ , we can determine the metric connection on G s . Let A = −∂ 2
x . Then, A is an isomorphism,
Let A −1 be its inverse given by
Corollary 3.3. The metric covariant derivative on G s is given by
and extended to all of G s by right invariance,
Right invariance implies that it is enough to verify (3.4) at the identity (id, 0). We have
be the values of the vector fields X and Y at the identity, respectively. Evaluation of (3.6) at f = 1 yields
It follows that 
is smooth (see [19] for a proof in a similar situation).
By definition, the geodesics on G s are the solutions (ϕ(t), α(t)) of the equation
(3.7)
Theorem 3.1 immediately leads to explicit formulae for the geodesics in G s .
and
where the speed c > 0 of the geodesic is given by Proof. The geodesic f (t) on the sphere S ∞,s ⊂ L 2 (S 1 ; C) starting at the constant function 1 with initial velocity f t (0) is the great circle given explicitly by
where c = f t (0) L 2 denotes its speed. Indeed, viewing f (t) as a curve in L 2 (S 1 ; C), we have f tt = −c 2 f . Hence, the orthogonal projection of f tt (t) onto the tangent space T f (t) S ∞,s ⊂ L 2 (S 1 ; C) vanishes for every t. By definition of the induced connection ∇ on S ∞,s , this shows that ∇ f t f t ≡ 0. Equation The geodesic (ϕ(t), α(t)) persists as long as
remains in the domain U s−1 . The maximal existence time T s is therefore determined by the time at which f (t) hits the boundary of U s−1 , i.e.
It is clear from this expression that T s is independent of s > 5 2 . In order to characterize the globally defined geodesics, we need to show that f (t, x) = 0 for all x ∈ S 1 and t ≥ 0 if and only if ρ 0 (x) = 0 for all x ∈ S 1 . Fix x ∈ S 1 . Clearly, by (3.11) 
and for any real number u 0x (x), there always exists a t ≥ 0 such that this expression vanishes (take
Solutions of the Hunter-Saxton system
The geometric picture developed above yields explicit expressions for the solutions of the 2HS equation (2.2). It turns out that there exist solutions of 2HS that break in finite time as well as solutions that exist globally. More precisely, we will show that a solution with initial data (u 0 , ρ 0 ) breaks in finite time if and only if ρ 0 (x) vanishes at some x ∈ S 1 . We can write 2HS in the following form suitable for the formulation of weak solutions:
Using the right invariance of Γ , the geodesic equation (3.7) can be rewritten as
which is exactly equation (4.1).
where T s > 0 is the maximal existence time. The solution is given by
where the curve (ϕ(t), α(t)) in G s is given explicitly in terms of (u 0 , ρ 0 ) by (3.9a 
, i.e. the maximal existence time of (ϕ, α) as a geodesic in G s−2 is at least T s . Since the maximal existence time of (ϕ, α) is independent of s, this shows that the existence times of (ϕ, α) in G s and of (u, ρ) in (4.3) coincide. Proof. T is the smallest time for which the corresponding geodesic in U s−1 hits the boundary of U s−1 . Since U s−1 is invariant under the antipodal map f → −f on S ∞ , it follows that this happens for t < π or it does not happen at all.
Global behaviour of geodesics
The last statement of corollary 3.5 gives a characterization of the geodesics on G s starting at the identity that exists for all times. In this section, we will elaborate further on the global properties of geodesics on G s .
We begin by describing the geodesic flow on the sphere S ∞,s . We let exp 1 : T 1 S ∞,s → S ∞,s denote the (Riemannian) exponential map on S ∞,s restricted to the tangent space at the constant function 1. The next lemma expresses the fact that given any point f ∈ S ∞,s , there exists a unique great circle passing through 1 and f , unless f = ±1, in which case, there exists an infinite number of such great circles. Thus, the geodesic flow on S ∞,s behaves as can be expected by analogy with the finite-dimensional case. 
where the unit length vector X 0 ∈ T 1 S ∞,s and the real number r 0 ∈ (0, π) are given by Applying ·, 1 L 2 to both sides of this equation, we find cos r = f , 1 L 2 , and the lemma now follows from (5.2) .
Given two points f , g ∈ S ∞,s such that f = ±g, lemma 5.1 implies that there is a unique geodesic of length r 0 ∈ (0, π) joining f to g; we call this the short geodesic segment from f to g. There is also a unique geodesic of length 2π − r 0 ∈ (π , 2π) joining f to g, which goes around the sphere in the opposite direction; we call this the long geodesic segment from f to g. If f , g belong to U s , we may ask whether the short and long geodesic segments connecting f to g are also contained in U s . Clearly, since U s is invariant under the antipodal map f → −f , the short geodesic segment lies in U s whenever the long segment does. Proof. Let Φ((ϕ, α) ) = f and Φ((ψ, β)) = g be two points in U s . Right invariance implies that there exists a geodesic from (ϕ, α) to (ψ, β) in G s+1 if and only if there exists one from (id, 0)
. Moreover, right translation preserves the length of a geodesic. Hence, the short (long) geodesic segment from f to g is contained in U s if and only if the short (long) geodesic segment from Φ((id, 0)) = 1 to
is contained in U s . It is therefore enough to prove the proposition in the case when g = 1.
Let f ∈ U s with f = ±1. Let X 0 and r 0 be as in (5.1). We claim that
Indeed, let us fix x ∈ S 1 . Then, exp 1 (rX 0 )(x) = 0 for some r ∈ (0, r 0 ) if and only if f (x) = − sin(r 0 − r)/ sin r for some r ∈ (0, r 0 ). Since the right-hand side of this equation maps the interval (0, r 0 ) to (−∞, 0), we see that exp 1 (rX 0 )(x) = 0 for some r ∈ (0, r 0 ) if and only if f (x) < 0. This proves the first half of the proposition. In order to prove the second half, we need to show that the geodesic exp 1 (rX 0 ) lies in U s for r ∈ R if and only if f (x) / ∈ R for x ∈ S 1 . This can either be deduced from (5.3) or be seen as a consequence of the last statement of corollary 3.5 using Im(r 0 X 0 ) = (r 0 / sin r 0 )Im f .
Note that the antipodal involution f → −f on S ∞,s corresponds under the isometry Φ to the involution (ϕ, α) → (ϕ, α + 2π) of G s . Thus, if we use the isometry Φ to transfer the result of proposition 5.2 to G s , we immediately find the following result.
Corollary 5.3. Let (ϕ, α), (ψ, β) ∈ G s be distinct points in G s and suppose that (ϕ, α) = (ψ, β + 2π).
There exists a geodesic joining (ϕ, α) to (ψ, β) if and only if e i(α(x)−β(x))/2 = −1 for all x ∈ S 1 . This geodesic is unique and has length less than π provided that there exists an x such that e i(α(x)−β(x))/2 = 1. If no such x exists (so that e i(α(x)−β(x))/2 = ±1 for all x ∈ S 1 ), then the geodesic is defined on all of R, is periodic with period 2π with respect to an arc-length parameter, and is unique up to the choice of its direction. On the other hand, for any (ϕ, α) ∈ G s , there exists an infinite number of geodesics joining (ϕ, α) to (ϕ, α + 2π). All of these geodesics exist globally and are 2π -periodic with respect to an arc-length parameter.
Let exp (id,0) denote the (Riemannian) exponential map on G s restricted to T (id,0) G s . Using the above results, it is possible to express exp (id,0) and its multi-valued inverse explicitly. The following proposition gives the expression for exp −1 (id,0) ((ϕ, α) ) in the case that (ϕ, α) = (id, 0) and (ϕ, α) = (id, 2π). ((ϕ, α) ) is the empty set if e iα(x)/2 = −1 for some x ∈ S 1 . Assuming that e iα(x)/2 = −1 for all x ∈ S 1 , we have where the unit length vector (u 0 , ρ 0 ) ∈ T (id,0) G s and the real number r 0 ∈ (0, π) are given by
Proof. The expressions in (5.4) follow from lemma 5.1 since T (id,0) Φ(u 0 , ρ 0 ) = X 0 , where X 0 is as in (5.1) with f = √ ϕ x e iα/2 . The rest follows from corollary 5.3.
Remark 5.5. If α ≡ 0, the above results reduce to those derived in [11] for HS. Nevertheless, there are big differences between the geometries associated with 2HS and HS. For example, for HS, any two points of the underlying space can be joined by a unique length-minimizing geodesic [11] . By contrast, for 2HS, we have seen that there are points that can be joined by more than one geodesic, as well as points that cannot be joined by any geodesic, even though they lie in the same component of G s .
A Kähler manifold
The mean value S 1 ρ dx of the second component ρ of a solution (u, ρ) of 2HS is conserved, i.e.
Thus, if ρ has zero mean initially, it will have zero mean at all later times. This suggests that we consider the following variation of 2HS:
where π(ρ) = ρ − S 1 ρ dx denotes the orthogonal projection onto the subspace of functions of zero mean. For solutions such that S 1 ρ dx = 0, equation (6.1) coincides with 2HS. However, we will see that (6.1) possesses some interesting geometric properties not shared by the 2HS equation (2.2). In particular, (6.1) is the geodesic equation on a manifold K that admits a Kähler structure. We equip K s with the right-invariant metric given at the identity by Extending the projection π to any tangent space by right invariance so that π(U 2 ) = U 2 −
We define a connection ∇ on K s by
and extended to the tangent space at (ϕ, [α]) ∈ K s by right invariance
We also define a (1,1)-tensor J and a two-form ω on K s by
Note that ω and J are right invariant. Indeed, a change of variables in (6.6) shows that
while right invariance of J follows by a simple calculation,
. We refer to [20] for an introduction to differential forms and tensor fields on Banach manifolds. Theorem 6.1. K s is a Kähler manifold. In fact, letting g denote the metric ·, · on K s , s > 5/2, the following hold:
(a) g is a smooth metric on K s and ∇ is a smooth connection compatible with g; (b) ω is a symplectic form on K s compatible with ∇, i.e. ω is a smooth non-degenerate closed two-form on K s such that ∇ω = 0; (c) J is a complex structure on K s compatible with ∇, i.e. J is a smooth (1, 1)-tensor on K s such that J 2 = −I and ∇J = 0; Proof of (a). Smoothness of g follows since (6.3) depends smoothly on ϕ and α as a bilinear map from H s 0 (S 1 ; R) × (H s−1 (S 1 ; R)/R) to R. ∇ defines a smooth connection because, as in the case of G s above, the Christoffel map Γ defined in (6.4) defines a smooth spray on K s , i.e. the map
is smooth (cf. remark 3.4).
In order to show that ∇ and g are compatible, we need to show that
for any vector fields X, Y, Z on K s . By right invariance, it is enough to verify this identity at the identity (id, [0]). Moreover, using the argument of Ebin & Marsden [2, pp. 129-130] , it is enough to prove it when X, Y, Z are right-invariant vector fields. Thus, assume that
Then, the function Y, Z is constant so that X −Y, Z = 0. Moreover,
Simplification using integration by parts leads to
Proof of (b). First note that ω is a smooth two-form on K s because the right-hand side of (6.6) is skew-symmetric in U, V and independent of (ϕ,
Since the local expression (6.6) of ω is independent of (ϕ, [α]), it follows that dω = 0. It remains to prove that ∇ω = 0. We need to verify that
for all vector fields X, Y, Z. As in the proof of the identity ∇g = 0, it is enough to verify (6.8) at the identity and in the case that X, Y, Z are right invariant. Thus, let X, Y, Z be right-invariant vector fields as in (6.7). Then, Xω(Y, Z) = 0 and In view of the identity ∂ x A −1 ∂ x f = −f + S 1 f dx, we can write the right-hand side as
Since the part of this expression that is antisymmetric in v and w vanishes, we deduce that
Proof of (c). Smoothness of J follows since the right-hand side of (6.5) depends smoothly on ϕ as a linear map from H s
showing that J is an almost complex structure. It only remains to prove that ∇J = 0. This can either be seen as a consequence of ∇g = ∇ω = 0 and the statement (d) proved below, or be established directly as follows. The covariant derivative of the (1, 1)-tensor J is given locally by
We compute each of the terms in turn,
where (u 1 , [u 2 ]) and (v 1 , [v 2 ]) are the values of X and Y at the identity, respectively. Moreover,
The sum of the preceding three equations vanishes; thus, ∇J = 0. Proof of (d). We have
Proof of (e). This is a simple calculation, Proof of ( f ). It is enough to verify this at the identity by right invariance. We let [·, ·] be the Lie bracket on T (id,[0]) K s induced by right-invariant vector fields. Then,
and the sum of these four equations vanishes after simplification. Thus, N J = 0.
Writing (6.1) in the weak form
we find the following result. 
Complex projective space and the Hopf fibration
In this section, we will show that the Kähler manifold K s introduced in §6 is isometric to a subset of complex projective space. Under this isometry, the metric ·, · on K s is simply the Fubini-Study metric, and the Kähler structure on K s corresponds to the canonical Kähler structure on CP ∞ . Moreover, we will show that the fibration 
where Φ denotes the isometry of theorem 3.1.
Proof. The map Ψ is bijective with inverse given by
Since Ψ and Ψ −1 are smooth, Ψ is a diffeomorphism. The commutativity of the diagram (7.4) follows by construction. We next verify that the projection q : S ∞,s → CP ∞,s is a Riemannian submersion. Smoothness of q can be verified in local charts. For example, the local representative of q with respect to the charts determined by ϕ x 0 and the stereographic projection σ S (cf. (3.1)) is the smooth map
By definition of the Fubini-Study metric, q is a Riemannian submersion. The projection p : G s → K s is also a Riemannian submersion. Indeed, smoothness of p is immediate, and for each (ϕ, α) ∈ G s , p determines the splitting
where the vertical and horizontal subspaces are defined by
respectively. The orthogonal projections onto the vertical and horizontal subspaces are given by
showing that p is a Riemannian submersion. Since both q and p are Riemannian submersions and Φ is an isometry, it follows from the commuting diagram (7.4) that Ψ also is an isometry. Proof. According to theorem 7.1, p : G s → K s is a Riemannian submersion. The O'Neill formula for Banach manifolds [20] implies that
where X h , Y h denote the horizontal lifts of two orthonormal vector fields X, Y on K s and R G s denotes the curvature tensor on G s . In view of corollary 3.2 and equation (7.5), this yields
we find (7.6). To prove ( 
Conclusions and remarks
As was noted in §1, the flow of the classical Kepler problem in celestial mechanics is equivalent to the geodesic flow on a sphere. In this paper, we showed that the flow of the 2HS equation (2.2) is also equivalent to the geodesic flow on a sphere, namely, to the geodesic flow on (a subset of) the unit sphere in L 2 (S 1 ; C). Using this geometric picture, we were able to integrate equation (2.2) explicitly. Moreover, an infinite-dimensional example of a Hopf fibration was obtained by considering the restriction of (2.2) to solutions (u, ρ), where ρ has zero mean. The restricted equation describes the geodesic flow on an infinite-dimensional complex projective space with a natural Kähler structure. Equations (2.1) and (2.2) are the special cases when M = S 1 of two more general equations introduced in [9] and [12] , which are defined for any compact Riemannian manifold M. The first of these equations describes the geodesic flow on the unit sphere in L 2 (M; R) [9] , whereas no such sphere interpretation is as yet known for the second equation (although it is known that the underlying space has constant positive curvature [12] ). The considerations of this paper suggest that the flow of the equation in [12] is equivalent to the geodesic flow on (a subset of) the unit sphere in L 2 (M; C). The details of this construction will be considered elsewhere.
We emphasize that the fact that the underlying spaces for the above four geodesic equations (the eqn in [12] and its three special cases (2.1), (2.2) and the eqn in [9] ) have constant positive curvature is exceptional in the context of PDEs that arise as geodesic equations. In most cases, the curvature takes on both signs (one exception is the inviscid Burgers equation in one space dimension, for which the curvature is everywhere non-negative; in higher dimensions, this is no longer true).
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